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Abstract
The notion of non-abelian Hom-Leibniz tensor product is introduced
and some properties are established. This tensor product is used in the
description of the universal (α-)central extensions of Hom-Leibniz algebras.
We also give its application to the Hochschild homology of Hom-associative
algebras.
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1 Introduction
Since the invention of Hom-Lie algebras as the algebraic model of deformed Lie
algebras coming from twisted discretizations of vectors fields by Hartwig, Larsson
and Silvestrov in [10], many papers appeared dealing with Hom-type generaliza-
tions of various algebraic structures (see for instance [1, 2, 3, 6, 7, 14, 15, 16,
17, 18, 19] and related references given therein). In particular, Makhlouf and
Silvestrov introduced the notion of Hom-Leibniz algebras in [14], which simulta-
neously is a non-commutative generalization of Hom-Lie algebras and Hom-type
generalization of Leibniz algebras. In this generalized framework, it is natural to
seek for possible extensions of results in the categories of Lie or Leibniz algebras
to the categories of Hom-Lie or Hom-Leibniz algebras.
1
Recently, in [4], we developed the non-abelian Hom-Lie tensor product, ex-
tending the non-abelian Lie tensor product by Ellis [8] from Lie to Hom-Lie alge-
bras. It has applications in universal (α-)central extensions of Hom-Lie algebras
and cyclic homology of Hom-associative algebras.
In this paper we have chosen to work with Hom-Leibniz algebras. This work
is a continuation and non-commutative generalization of the work already begun
in [4]. Thus, we introduce a non-abelian Hom-Leibniz tensor product, extend-
ing the non-abelian Leibniz tensor product by Gnedbaye [9], which itself is the
Leibniz algebra (non-commutative) version of the non-abelian Lie tensor product
[8, 11]. Then we investigate properties of the non-abelian Hom-Leibniz tensor
product (Section 3) and give its applications to universal (α-)central extensions
of Hom-Leibniz algebras (Section 4) and Hochschild homology of Hom-associative
algebras (Section 5).
One observes that not all results can be transferred from Leibniz to Hom-
Leibniz algebras. For example, results on universal central extensions of Leib-
niz algebras can not be extended directly to Hom-Leibniz algebras because the
category of Hom-Leibniz algebras doesn’t satisfy the so-called universal central
extension condition [5], which means that the composition of central extensions
is not central in general [3]. By this reason, the notion of α-central extension
of Hom-Leibniz algebras is introduced in [3], and classical results are divided
between universal central and universal α-central extensions of Hom-Leibniz al-
gebras (see Theorem 4.3). Further, Hom-type version of Gnedbaye’s result relat-
ing Hochschild and Milnor type Hochschild homology of associative algebras [9],
doesn’t hold for all Hom-associative algebras and requires an additional condition
(see Theorem 5.7).
Notations
Throughout this paper we fix K as a ground field. Vector spaces are considered
over K and linear maps are K-linear maps. We write ⊗ for the tensor product ⊗K
over K. For any vector space (resp. Hom-Leibniz algebra) L, a subspace (resp. a
two-sided ideal) L′ and x ∈ L we write x to denote the coset x+ L′. We denote
by Lie and Lb the categories of Lie and Leibniz algebras, respectively.
2 Preliminaries on Hom-Leibniz algebras
2.1 Basic definitions
In this section we review some terminology on Hom-Leibniz algebras and recall
notions used in the paper. We also introduce notions of actions and semi-direct
product of Hom-Leibniz algebras.
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Definition 2.1. [14] A Hom-Leibniz algebra is a triple (L, [−,−], αL) consisting
of a vector space L, a bilinear map [−,−] : L× L→ L, called bracket operation,
and a linear map αL : L→ L satisfying:
[αL(x), [y, z]] = [[x, y], αL(z)]− [[x, z], αL(y)] (Hom-Leibniz identity) (2.1)
for all x, y, z ∈ L.
In the whole paper we only deal with (the so-called multiplicative [19]) Hom-
Leibniz algebras (L, [−,−], αL) such that αL preserves the bracket operation, that
is, αL[x, y] = [αL(x), αL(y)], for all x, y ∈ L.
Example 2.2.
a) Taking α = id in Definition 2.1, we obtain the definition of a Leibniz algebra
[12]. Hence any Leibniz algebra L can be considered as a Hom-Leibniz
algebra with αL = id.
b) Any Leibniz algebra L can be considered as a Hom-Leibniz algebra with
αL = 0. In fact, any vector space L endowed with any bracket operation is
a Hom-Leibniz algebra with αL = 0.
c) Any Hom-Lie algebra [10] is a Hom-Leibniz algebra whose bracket operation
satisfies the skew-symmetry condition.
d) Any Hom-dialgebra [18] (D,⊣,⊢, αD) becomes a Hom-Leibniz algebra (D,
[−,−], αD) with the bracket given by [x, y] = x ⊣ y−y ⊢ x, for all x, y ∈ D.
e) Let (L, [−,−]) be a Leibniz algebra and αL : L → L a Leibniz algebra
endomorphism. Define [−,−]α : L ⊗ L → L by [x, y]α = [α(x), α(y)], for
all x, y ∈ L. Then (L, [−,−]α, αL) is a Hom-Leibniz algebra.
f) Any Hom-vector space (V, αV ), (i.e. V is a vector space and αV : V → V
is a linear map) together with the trivial bracket [−,−] (i.e. [x, y] = 0 for
all x, y ∈ V ) is a Hom-Leibniz algebra, called abelian Hom-Leibniz algebra.
g) The two-dimensional C-vector space L with basis {a1, a2}, endowed with the
bracket operation [a2, a2] = a1 and zero elsewhere, and the endomorphism
αL given by the matrix
(
1 1
0 1
)
is a non-Hom-Lie Hom-Leibniz algebra.
In the sequel we shall use the shortened notation (L, αL) for (L, [−,−], αL).
Definition 2.3. A homomorphism of Hom-Leibniz algebras f : (L, αL)→ (L
′, αL′)
is a linear map f : L→ L′ such that
f([x, y]) = [f(x), f(y)],
f ◦ αL = αL′ ◦ f,
for all x, y ∈ L.
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Hom-Leibniz algebras and their homomorphisms form a category, which we
denote by HomLb. Example 2.2 a), b) and c) say that there are full embedding
functors
I0, I1 : Lb −→ HomLb, I0(L) = (L, 0), I1(L) = (L, id)
and
inc : HomLie −→ HomLb, (L, αL) 7→ (L, αL),
where HomLie denotes the category of Hom-Lie algebras. Note that the restric-
tions of I0 and I1 to the category of Lie algebras are full embeddings
I ′0, I
′
1 : Lie −→ HomLie, I
′
0(L) = (L, 0), I
′
1(L) = (L, id).
Definition 2.4. A Hom-Leibniz subalgebra (H,αH) of a Hom-Leibniz algebra
(L, αL) consists of a vector subspace H of L, which is closed under the bracket,
together with the linear map αH : H → H being the restriction of αL on H. In
such a case we may write αL| for αH .
A Hom-Leibniz subalgebra (H,αH) of (L, αL) is said to be a two-sided Hom-
ideal if [x, y], [y, x] ∈ H, for all x ∈ H, y ∈ L.
If (H,αH) is a two-sided Hom-ideal of (L, αL), then the quotient vector space
L/H together with the endomorphism αL : L/H → L/H induced by αL, naturally
inherits a structure of Hom-Leibniz algebra, and it is called the quotient Hom-
Leibniz algebra.
The commutator of two-sided Hom-ideals (H,αL|) and (K,αL|) of a Hom-
Leibniz algebra (L, αL), denoted by ([H,K], αL|), is the Hom-Leibniz subalgebra
of (L, αL) spanned by the brackets [h, k] and [k, h] for all h ∈ H, k ∈ K.
The following lemma can be readily checked.
Lemma 2.5. Let (H,αH) and (K,αK) be two-sided Hom-ideals of a Hom-Leibniz
algebra (L, αL). The following statements hold:
a) (H ∩K,αL|) and (H +K,αL|) are two-sided Hom-ideals of (L, αL);
b) [H,K] ⊆ H ∩K;
c) If αL is surjective, then ([H,K], αL|) is a two-sided Hom-ideal of (L, αL);
d) ([H,K], αL|) is a two-sided Hom-ideal of (H,αH) and (K,αK). In particu-
lar, ([L, L], αL|) is a two-sided Hom-ideal of (L, αL);
e) (αL(L), αL|) is a Hom-Leibniz subalgebra of (L, αL);
f) IfH,K ⊆ αL(L), then ([H,K], αL|) is a two-sided Hom-ideal of (αL(L), αL|).
Definition 2.6. Let (L, αL) be a Hom-Leibniz algebra. The subspace Z(L) =
{x ∈ L | [x, y] = 0 = [y, x], for all y ∈ L} of L is said to be the center of (L, αL).
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Note that if αL : L→ L is a surjective homomorphism, then (Z(L), αL|) is a
two-sided Hom-ideal of L.
Corollary 2.7. Any Hom-Leibniz algebra (L, αL) gives rise to a Hom-Lie algebra
(LLie, αL), which is obtained as the quotient of L by the relation [x, x] = 0, x ∈ L.
Here αL is induced by αL. This defines a functor (−)Lie : HomLb −→ HomLie.
Moreover, the canonical epimorphism (L, αL)։ (LLie, αL) is universal among all
homomorphisms from (L, αL) to a Hom-Lie algebra, implying that the functor
(−)Lie is left adjoint to the inclusion functor inc : HomLie −→ HomLb. This ad-
junction is a natural extension of the well-known adjunction Lie ⊥
inc
// Lb
(−)Lie
oo
between
the categories of Lie and Leibniz algebras, in the sense that the following inner
and outer diagrams
Lie ⊥
inc
//
I′
i

Lb
(−)Lie
oo
Ii

HomLie ⊤
inc //
HomLb
(−)Lie
oo
are commutative for i = 0, 1.
2.2 Hom-Leibniz actions and semi-direct product
Definition 2.8. Let (L, αL) and (M,αM) be Hom-Leibniz algebras. A Hom-
Leibniz action of (L, αL) on (M,αM ) is a couple of linear maps, L ⊗M → M ,
x⊗m 7→ xm and M ⊗ L→M , m⊗ x 7→ mx, satisfying the following identities:
a) αM (m)
[x,y] = (mx)αL(y) − (my)αL(x) ,
b) [x,y]αM (m) = (
xm)αL(y) − αL(x) (my) ,
c) αL(x) (ym) = −αL(x) (my) ,
d) αL(x) [m,m′] = [xm,αM (m
′)]− [xm′, αM (m)] ,
e) [m,m′] αL(x) = [mx, αM (m
′)] + [αM (m) , m
′ x] ,
f) [αM (m) ,
xm′] = − [αM (m) , m
′ x] ,
g) αM (
xm) = αL(x)αM (m) ,
h) αM (m
x) = αM (m)
αL(x) ,
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for all x, y ∈ L and m,m′ ∈M .
The action is called trivial if xm = 0 = mx, for all x ∈ L, m ∈M .
Example 2.9.
a) A Hom-representation of a Hom-Leibniz algebra (L, αL) is a Hom-vector
space (M,αM) equipped with two linear operations, L⊗M → M , x⊗m 7→
xm and M ⊗ L → M , m ⊗ x 7→ mx, satisfying the axioms a), b), c), g),
h) of Definition 2.8. Therefore, representations over a Hom-Leibniz algebra
(L, αL) are abelian Leibniz algebras enriched with Hom-Leibniz actions of
(L, αL).
b) Any action of a Leibniz algebra L on another Leibniz algebra M (see e.g.
[13]) gives a Hom-Leibniz action of (L, idL) on (M, idM).
c) Let (K,αK) be a Hom-Leibniz subalgebra of a Hom-Leibniz algebra (L, αL)
and (H,αH) be a two-sided Hom-ideal of (L, αL). There exists a Hom-
Leibniz action of (K,αK) on (H,αH) given by the bracket in (L, αL) .
d) Let 0→ (M,αM)
i
→ (K,αK)
π
→ (L, αL)→ 0 be a split short exact sequence
of Hom-Leibniz algebras, i. e. there exists a homomorphism of Hom-Leibniz
algebras s : (L, αL) → (K,αK) such that π ◦ s = idL. Then there is a
Hom-Leibniz action of (L, αL) on (M,αM) defined in the standard way:
xm = i−1[s(x), i(m)] and mx = i−1[i(m), s(x)] for all x ∈ L, m ∈M .
Definition 2.10. Let (M,αM) and (L, αL) be Hom-Leibniz algebras together
with a Hom-Leibniz action of (L, αL) on (M,αM). Their semi-direct product
(M ⋊ L, α⋊) is the Hom-Leibniz algebra with the underlying vector space M ⊕L,
endomorphism α⋊ : M ⋊ L→ M ⋊ L given by α⋊ (m, l) = (αM (m) , αL (l)) and
bracket
[(m1, l1) , (m2, l2)] =
(
[m1, m2] +
αL(l1)m2 +m
αL(l2)
1 , [l1, l2]
)
.
Let (M,αM) and (L, αL) be Hom-Leibniz algebras with a Hom-Leibniz action
of (L, αL) on (M,αM). Then we have the following short exact sequence of Hom-
Leibniz algebras
0→ (M,αM)
i
→ (M ⋊ L, α⋊)
π
→ (L, αL)→ 0 , (2.2)
where i : M → M ⋊ L, i(m) = (m, 0), and π : M ⋊ L → L, π (m, x) = x.
Moreover, this sequence splits by the Hom-Leibniz homomorphism L→ M ⋊ L,
x 7→ (0, x).
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2.3 Homology of Hom-Leibniz algebras
In this subsection we recall from [3] the construction of homology vector spaces
of a Hom-Leibniz algebra with coefficients in a Hom-co-representation.
Definition 2.11. A Hom-co-representation of a Hom-Leibniz algebra (L, αL) is a
Hom-vector space (M,αM ) together with two linear maps L⊗M →M , x⊗m 7→
xm and M ⊗ L→M , m⊗ x = mx, satisfying the following identities:
a) [x,y]αM(m) =
αL(x)(ym)− αL(y)(xm),
b) αM(m)
[x,y] = (ym)αL(x) − αL(y)(mx),
c) (mx)αL(y) = −αL(y)(mx),
d) αM(
xm) = αL(x)αM(m),
e) αM(m
x) = αM(m)
αL(x),
for any x, y ∈ L and m ∈M
Example 2.12.
a) Let M be a co-representation of a Leibniz algebra L [13], then (M, idM) is
a Hom-co-representation of the Hom-Leibniz algebra (L, idL).
b) The underlying Hom-vector space of a Hom-Leibniz algebra (L, αL) has a
Hom-co-representation structure given by xy = −[y, x] and yx = [y, x],
x, y ∈ L.
Let (L, αL) be a Hom-Leibniz algebra and (M,αM) be a Hom-co-representation
of (L, αL). The homology HL
α
⋆ (L,M) of (L, αL) with coefficients in (M,αM) is
defined to be the homology of the chain complex (CLα⋆ (L,M), d⋆), where
CLαn(L,M) := M ⊗ L
⊗n, n ≥ 0
and dn : CL
α
n(L,M)→ CL
α
n−1(L,M), n ≥ 1, is the linear map given by
dn(m⊗ x1 ⊗ · · · ⊗ xn) = m
x1 ⊗ αL(x2)⊗ · · · ⊗ αL(xn)
+
n∑
i=2
(−1)i xim⊗ αL(x1)⊗ · · · ⊗ α̂L(xi)⊗ · · · ⊗ αL(xn)
+
∑
1≤i<j≤n
(−1)j+1αM (m)⊗ αL(x1)⊗ · · · ⊗ αL(xi−1)⊗ [xi, xj ]⊗ αL(xi+1)
⊗ · · · ⊗ α̂L(xj)⊗ · · · ⊗ αL(xn),
where the notation α̂L(xi) indicates that the variable αL(xi) is omitted. Hence
HLαn(L,M) := Hn(CL
α
⋆ (L,M), d⋆), n ≥ 0.
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Direct calculations show that HLα0 (L,M) = M/M
L, where ML = {mx | m ∈
M,x ∈ L}, and if (M,αM) is a trivial Hom-co-representation of (L, αL), that is
mx = xm = 0, then HLα1 (L,M) = (M ⊗ L) / (αM(M)⊗ [L, L]). In particular, if
M = K then HLα1 (L,K) = L/[L, L]. Later on we write HL
α
n(L) for HL
α
n(L,K)
and it is called homology with trivial coefficients.
3 Non-abelian Hom-Leibniz tensor product
Let (M,αM) and (N,αN) be Hom-Leibniz algebras acting on each other. We
denote by M ∗ N the vector space spanned by all symbols m ∗ n, n ∗ m and
subject to the following relations:
λ(m ∗ n) = (λm) ∗ n = m ∗ (λn),
λ(n ∗m) = b(λn) ∗m = n ∗ (λm),
(m+m′) ∗ n = m ∗ n +m′ ∗ n,
m ∗ (n+ n′) = m ∗ n +m ∗ n′,
(n+ n′) ∗m = n ∗m+ n′ ∗m,
n ∗ (m+m′) = n ∗m+ n ∗m′,
αM(m) ∗ [n, n
′] = mn ∗ αN(n
′)−mn
′
∗ αN (n),
αN (n) ∗ [m,m
′] = nm ∗ αM(m
′)− nm
′
∗ αM(m),
[m,m′] ∗ αN (n) =
mn ∗ αM(m
′)− αM(m) ∗ n
m′ ,
[n, n′] ∗ αM(m) =
nm ∗ αN(n
′)− αN(n) ∗m
n′ ,
αM(m) ∗
m′n = −αM(m) ∗ n
m′ ,
αN(n) ∗
n′m = −αN(n) ∗m
n′,
mn ∗ m
′
n′ = mn ∗m′n
′
,
mn ∗ n′m
′
= mn ∗ n
′
m′,
nm ∗ m
′
n′ = nm ∗m′n
′
,
nm ∗ n′m
′
= nm ∗ n
′
m′,
(3.1)
for all λ ∈ K, m,m′ ∈M , n, n′ ∈ N .
We claim that (M ∗N,αM∗N) is a Hom-vector space, where αM∗N is the linear
map induced by αM and αN , i.e.
αM∗N (m ∗ n) = αM (m) ∗ αN (n) , αM∗N (n ∗m) = αN (n) ∗ αM (m) .
Indeed, it can be checked readily that α∗ preserves all the relations in (3.1).
To be able to introduce the non-abelian Hom-Leibniz tensor product, we need
to assume that the actions are compatibly in the following sense.
Definition 3.1. Let (M,αM) and (N,αN) be Hom-Leibniz algebras with Hom-
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Leibniz actions on each other. The actions are said to be compatible if
(mn)m′ = [mn, m′], (
nm)n′ = b[nm, n′],
(nm)m′ = [nm,m′], (m
n)n′ = [mn, n′],
m(
m
′
n) = [m,m′ n], n(
n
′
m) = [n, n′ m],
m(n
m
′
) = [m,nm′], n(m
n
′
) = [n,m n′],
(3.2)
for all m,m′ ∈ M and n, n′ ∈ N .
Example 3.2. If (H,αH) and (H
′, αH′) both are Hom-ideals of a Hom-Leibniz
algebra (L, αL), then the Hom-Leibniz actions of (H,αH) and (H
′, αH′) on each
other, considered in Example 2.9 c), are compatible.
Now we have the following property:
Proposition 3.3. Let (M,αM) and (N,αN) be Hom-Leibniz algebras acting com-
patibly on each other, then the Hom-vector space (M ∗ N,αM∗N ) endowed with
the following bracket operation
[m ∗ n,m′ ∗ n′] = mn ∗m
′
n′,
[m ∗ n, n′ ∗m′] = mn ∗ n′m
′
,
[n ∗m,m′ ∗ n′] = nm ∗m
′
n′,
[n ∗m,n′ ∗m′] = nm ∗ n′m
′
,
(3.3)
is a Hom-Leibniz algebra.
Proof. Routine calculations show that the bracket given by (3.3) is compatible
with the defining relations in (3.1) ofM ∗N and can be extended from generators
to any elements. The verification of the Hom-Leibniz identity (2.1) is straight-
forward by using compatibility conditions in (3.2). Finally, it follows directly by
definition of αM∗N that it preserves the bracket given by (3.3).
Definition 3.4. The above Hom-Leibniz algebra structure on (M ∗N,αM∗N ) is
called the non-abelian Hom-Leibniz tensor product of the Hom-Leibniz algebras
(M,αM) and (N,αN).
Remark 3.5. If αM = idM and αN = idN , then M ∗ N coincides with the non-
abelian tensor product of Leibniz algebras introduced in [9].
Remark 3.6. Let (M,αM ) and (N,αN) be Hom-Lie algebras. One can readily
check that the following assertions hold:
a) Any Hom-Lie action of (M,αM) on (N,αN), M ⊗ N → N , m ⊗ n 7→
mn
(see [4, Definition 1.7] for the definition), gives a Hom-Leibniz action of
(M,αM) on (N,αN) by letting n
m = −mn for all m ∈M and n ∈ N .
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b) For compatible Hom-Lie actions (see [4, Definition 2.1]) of (M,αM) and
(N,αN) on each other, the induced Hom-Leibniz actions are also compatible.
c) If (M,αM) and (N,αN) act compatibly on each other, then there is an
epimorphism of Hom-Leibniz algebras (M ∗ N,αM∗N) ։ (M ⋆ N, αM⋆N)
defined on generators by m ∗ n 7→ m ⋆ n and n ∗ m 7→ −m ⋆ n, where ⋆
denotes the non-abelian Hom-Lie tensor product (see [4, Definition 2.4]).
Sometimes the non-abelian Hom-Leibniz tensor product can be described as
the tensor product of vector spaces. In particular, we have the following:
Proposition 3.7. If the Hom-Leibniz algebras (M,αM) and (N,αN) act trivially
on each other and both αM , αN are epimorphisms, then there is an isomorphism
of abelian Hom-Leibniz algebras
(M ∗N,αM∗N) ∼=
(
(Mab ⊗Nab)⊕ (Nab ⊗Mab), α⊕
)
,
where Mab = M/[M,M ], Nab = N/[N,N ] and α⊕ denotes the linear self-map of
(Mab ⊗Nab)⊕ (Nab ⊗Mab) induced by αM and αN .
Proof. Since the actions are trivial, then relations (3.3) enables us to see that
(M ∗N, αM∗N) is an abelian Hom-Leibniz algebra.
Since αM and αN are epimorphisms, the defining relations (3.1) of the non-
abelian tensor product say precisely that the vector space M ∗N is the quotient
of (M ⊗N)⊕ (N ⊗M) by the relations
m ∗ [n, n′] = [m,m′] ∗ n = [n, n′] ∗m = n ∗ [m,m′] = 0
for allm,m′ ∈M , n, n′ ∈ N . The later is isomorphic to (Mab⊗Nab)⊕(Nab⊗Mab)
and this isomorphism commutes with the endomorphisms α⊕ and αM∗N .
The non-abelian Hom-Leibniz tensor product is functorial in the following
sense: if f : (M,αM) → (M
′, αM ′) and g : (N,αN) → (N
′, αN ′) are homomor-
phisms of Hom-Leibniz algebras together with compatible actions of (M,αM)
(resp. (M ′, αM ′)) and (N,αN) (resp. (N
′, αN ′)) on each other such that f , g
preserve these actions, that is
f(nm) = g(n)f(m), f(mn) = f(m)g(n),
g(mn) = f(m)g(n), g(nm) = g(n)f(m),
for all m ∈M, n ∈ N , then we have a homomorphism of Hom-Leibniz algebras
f ∗ g : (M ∗N,αM∗N)→ (M
′ ∗N ′, αM ′∗N ′)
defined by (f ∗ g)(m ∗ n) = f(m) ∗ g(n), (f ∗ g)(n ∗m) = g(n) ∗ f(m).
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Proposition 3.8. Let 0 → (M1, αM1)
f
→ (M2, αM2)
g
→ (M3, αM3) → 0 be a
short exact sequence of Hom-Leibniz algebras. Let (N,αN) be a Hom-Leibniz
algebra together with compatible Hom-Leibniz actions of (N,αN) and (Mi, αMi)
(i = 1, 2, 3) on each other and f , g preserve these actions. Then there is an exact
sequence of Hom-Leibniz algebras
(M1 ∗N,αM1∗N)
f∗idN−→ (M2 ∗N,αM2∗N )
g∗idN−→ (M3 ∗N,αM3∗N ) −→ 0.
Proof. Clearly g ∗ idN is an epimorphism and Im (f ∗ idN) ⊆ Ker (g ∗ idN). Since
Im (f ∗ idN) is generated by all elements of the form f(m1) ∗ n, n ∗ f(m1), with
m1 ∈ M1, n ∈ N , it is a two-sided Hom-ideal in (M2 ∗N,αM2∗N ) because of the
following equalities:
[f(m1) ∗ n,m2 ∗ n
′] = f(m1)
n ∗ m2n′ = f (m n1 ) ∗
m2n′ ∈ Im (f ∗ idN ) ,
[f(m1) ∗ n, n
′ ∗m2] = f(m1)
n ∗ n′ m2 = f (m n1 ) ∗ n
′ m2 ∈ Im (f ∗ idN ) ,
[n ∗ f(m1), m2 ∗ n
′] = nf(m1) ∗
m2n′ = f (nm1) ∗
m2n′ ∈ Im (f ∗ idN ) ,
[n ∗ f(m1), n
′ ∗m2] =
nf(m1) ∗ n
′ m2 = f (nm1) ∗ n
′ m2 ∈ Im (f ∗ idN ) ,
[m2 ∗ n
′, f(m1) ∗ n] = m
n′
2 ∗
f(m1) n = m n
′
2 ∗ f (
m1n) ∈ Im (f ∗ idN ) ,
[m2 ∗ n
′, n ∗ f(m1)] = m
n′
2 ∗ n
f(m1) = mn
′
2 ∗ f
(
n
m1
)
∈ Im (f ∗ idN ) ,
[n′ ∗m2, f(m1) ∗ n] =
n′m2 ∗
f(m1) n = n
′
m2 ∗ f (
m1n) ∈ Im (f ∗ idN ) ,
[n′ ∗m2, n ∗ f(m1)] =
n′m2 ∗ n
f(m1) = n
′
m2 ∗ f
(
n
m1
)
∈ Im (f ∗ idN ) ,
αM2∗N (f(m1) ∗ n) = f(αM2 (m1)) ∗ αN (n) ∈ Im (f ∗ idN) ,
αM2∗N (n ∗ f(m1)) = f(αN (n) ∗ αM2 (m1)) ∈ Im (f ∗ idN) ,
for any m1 ∈ M1, m2 ∈ M2, n, n
′ ∈ N . Thus, g ∗ idN induces a homomorphism
of Hom-Leibniz algebras
((M2 ∗N) /Im (f ∗ idN) , αM2∗N )−→(M3 ∗N,αM3∗N ),
given on generators by m2 ∗ n 7→ g(m2) ∗ n and n ∗m2 7→ n ∗ g(m2), which is an
isomorphism with the inverse map
(M3 ∗N,αM3∗N ) −→ ((M2 ∗N) /Im (f ∗ idN) , αM2∗N)
defined by m3 ∗ n 7→ m2 ∗ n and n ∗ m3 = n ∗m2, where m2 ∈ M2 such that
g(m2) = m3. Then the required exactness follows.
Proposition 3.9. If (M,αM) is a two-sided Hom-ideal of a Hom-Leibniz algebra
(L, αL), then there is an exact sequence of Hom-Leibniz algebras
(
(M ∗ L)⋊ (L ∗M), α⋊
) σ
−→ (L ∗ L, αL∗L)
τ
−→ (L/M ∗ L/M,αL/M∗L/M ) −→ 0.
where the Hom-Leibniz action of L∗M on M ∗L is naturally given by the bracket
in L ∗M .
11
Proof. First we note that τ is the functorial homomorphism induced by projec-
tion (L, αL)։
(
L/M,αL/M
)
and clearly it is an epimorphism.
Let σ′ : (M ∗ L, αM∗L) → (L ∗ L, αL∗L), σ
′′ : (L ∗M,αL∗M) → (L ∗ L, αL∗L)
be the functorial homomorphisms induced by the inclusion (M,αM) →֒ (L, αL)
and the identity map (L, αL) → (L, αL). Then σ : ((M ∗ L)⋊ (L ∗M) , α⋊) →
(L ∗ L, αL∗L), is defined by σ (x, y) = σ
′(x) + αL∗L ◦ σ
′′(y) for all x ∈ M ∗ L and
y ∈ L ∗M , i. e.
σ((m1 ∗ l1), (l2 ∗m2)) = m1 ∗ l1 + αL(l2) ∗ αM(m2),
σ((l1 ∗m1), (l2 ∗m2)) = l1 ∗m1 + αL(l2) ∗ αM(m2),
σ((m1 ∗ l1), (m2 ∗ l2)) = m1 ∗ l1 + αM(m2) ∗ αL(l2),
σ((l1 ∗m1), (m2 ∗ l2)) = l1 ∗m1 + αM(m2) ∗ αL(l2),
for all m1, m2 ∈ M and l1, l2 ∈ L.
The exactness can be checked in the same way as in the proof of Proposition
3.8 and we omit it.
Proposition 3.10. Let (M,αM) and (N,αN) be Hom-Leibniz algebras with com-
patible actions on each other.
a) There are homomorphisms of Hom-Leibniz algebras
ψ1 : (M ∗N,αM∗N)→ (M,αM), ψ1(m ∗ n) = m
n, ψ1(n ∗m) =
nm,
ψ2 : (M ∗N,αM∗N)→ (N,αN), ψ2(m ∗ n) =
mn, ψ2(n ∗m) = n
m.
b) There is a Hom-Leibniz action of (M,αM) (resp. (N,αN) ) on the non-
abelian tensor product (M ∗N,αM∗N ) given, for all m,m
′ ∈M , n, n′ ∈ N ,
by
m′(m ∗ n) = [m′, m] ∗ αN(n)−
m′ n ∗ αM(m),
m′(n ∗m) = m
′
n ∗ αM(m)− [m
′, m] ∗ αN (n),
(m ∗ n)m
′
= [m,m′] ∗ αN(n) + αM(m) ∗ n
m′ ,
(n ∗m)m
′
= nm
′
∗ αM(m) + αN(n) ∗ [m,m
′],
(
resp. n
′
(m ∗ n) = n
′
m ∗ αN(n)− [n
′, n] ∗ αM(m),
n′(n ∗m) = [n′, n] ∗ αM(m)−
n m ∗ αN (n
′),
(m ∗ n)n
′
= mn
′
∗ αN(n) + αM(m) ∗ [n, n
′] ,
(n ∗m)n
′
= [n, n′] ∗ αM(m) + αN (n) ∗m
n′
)
.
d) Ker(ψ1) and Ker(ψ2) both are contained in the center of (M ∗N,αM∗N).
e) The induced Hom-Leibniz action of Im(ψ1) (resp. Im(ψ2)) on Ker(ψ1) (resp.
Ker(ψ2)) is trivial.
f) ψ1 and ψ2 satisfy the following properties for all m,m
′ ∈M , n, n′ ∈ N :
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i) ψ1(
m′(m ∗ n)) = [αM(m
′), ψ1(m ∗ n)],
ii) ψ1((m ∗ n)
m′) = [ψ1(m ∗ n), αM(m
′)],
iii) ψ1(
m′(n ∗m)) = [αM(m
′), ψ1(n ∗m)],
iv) ψ1((n ∗m)
m′) = [ψ1(n ∗m), αM(m
′)],
v) ψ2(
n′(m ∗ n)) = [αN (n
′), ψ2(m ∗ n)],
vi) ψ2((m ∗ n)
n′) = [ψ2(m ∗ n), αN(n
′)],
vii) ψ2(
n′(n ∗m)) = [αN (n
′), ψ2(n ∗m)],
viii) ψ2((n ∗m)
n′) = [ψ2(n ∗m), αN (n
′)],
ix) ψ1(m∗n)(m′ ∗ n′) = [αM∗N (m ∗ n), m
′ ∗ n′] = ψ2(m∗n)(m′ ∗ n′),
x) ψ1(m∗n)(n′ ∗m′) = [αM∗N (m ∗ n), n
′ ∗m′] = ψ2(m∗n)(n′ ∗m′),
xi) ψ1(n∗m)(m′ ∗ n′) = [αM∗N (n ∗m), m
′ ∗ n′] = ψ2(n∗m)(m′ ∗ n′),
xii) ψ1(n∗m)(n′ ∗m′) = [αM∗N (n ∗m), n
′ ∗m′] = ψ2(n∗m)(n′ ∗m′),
xiii) (m′ ∗ n′)ψ1(m∗n) = [m′ ∗ n′, αM∗N (m ∗ n)] = (m
′ ∗ n′)ψ2(m∗n),
xiv) (n′ ∗m′)ψ1(m∗n) = [n′ ∗m′, αM∗N (m ∗ n)] = (n
′ ∗m′)ψ2(m∗n),
xv) (m′ ∗ n′)ψ1(n∗m) = [m′ ∗ n′, αM∗N (n ∗m)] = (m
′ ∗ n′)ψ2(n∗m),
xvi) (n′ ∗m′)ψ1(n∗m) = [n′ ∗m′, αM∗N (n ∗m)] = (n
′ ∗m′)ψ2(n∗m).
Proof. The proof requires routine combinations of equations in Definitions 2.8
and 3.1 with the defining relations (3.1) and (3.3) of the non-abelian Hom-Leibniz
tensor product.
Remark 3.11.
a) If αM = idM and αN = idN then the statement f) of Lemma 3.10 says that
both ψ1 and ψ2 are crossed modules of Leibniz algebras (see [9]).
b) If M = N and the action of M on itself is given by the bracket in M , then
ψ1 = ψ2 and they are defined on generators by m ∗m
′ 7→ [m,m′]. In such
a case we write ψM for ψ1.
4 Application in universal (α-)central exten-
sions of Hom-Leibniz algebras
In this section we complement by new results the investigation of universal central
extensions of Hom-Leibniz algebras done in [3]. We also describe universal (α)-
central extensions via non-abelian Hom-Leibniz tensor product.
13
Definition 4.1. An epimorphism of Hom-Leibniz algebras (K,αK)
π
։ (L, αL),
with Ker(π) = (M,αM), is called a central (resp. α-central) extension of (L, αL)
if [M,K] = 0 = [K,M ], i.e. M ⊆ Z(K) (resp. [αM(M), K] = 0 = [K,αM(M)],
i.e. αM(M) ⊆ Z(K)).
Such a central extension is called universal central (resp. α-central) exten-
sion if, for every central (resp. α-central) extension (K ′, αK ′)
π
։ (L, αL) of
(L, αL) there exists one and only one homomorphism of Hom-Leibniz algebras
h : (K,αK)→ (K
′, αK ′) such that π
′ ◦ h = π.
Remark 4.2. Obviously every central extension is an α-central extension and
these notions coincide when αM = idM . On the other hand, every universal α-
central extension is a universal central extension and these notions coincide when
αM = idM . Let us also observe that if a universal (α-)central extension exists then
it is unique up to isomorphism.
The category HomLb is an example of a semi-abelian category which does not
satisfy universal central extension condition in the sense of [5], that is, the com-
position of central extensions of Hom-Leibniz algebras is not central in general,
but it is α-central extension (see Theorem 4.3 (a) below). This fact does not
allow complete generalization of classical results to Hom-Leibniz algebras and
the well-known properties of universal central extensions are divided between
universal central and universal α-central extensions of Hom-Leibniz algebras. In
particular, the assertions in Theorem 4.3 below are proved in [3].
To state the following theorem we need to recall that a Hom-Lie algebra
(L, αL) is said to be perfect if L = [L, L].
Theorem 4.3.
a) Let (K,αK)
π
։ (L, αL) and (F, αF )
ρ
։ (K,αK) be central extensions of
Hom-Leibniz algebras and (K,αK) be a perfect Hom-Leibniz algebra. Then
the composition extension (F, αF )
π◦ρ
։ (L, αL) is an α-central extension.
b) Let (K,αK)
π
։ (L, αL) and (K
′, αK ′)
π′
։ (L, αL) be two central extensions
of a Hom-Leibniz algebra (L, αL). If (K,αK) is perfect, then there exists at
most one homomorphism of Hom-Leibniz algebras f : (K,αK)→ (K
′, αK ′)
such that π′ ◦ f = π.
c) Let (K,αK)
π
։ (L, αL) be a central extension and (K
′, αK ′)
π′
։ (L, αL)
be an α-central extension of a Hom-Leibniz algebra (L, αL). If (K,αK)
is α-perfect, then there exists at most one homomorphism of Hom-Leibniz
algebras f : (K,αK)→ (K
′, αK ′) such that π
′ ◦ f = π.
d) If (K,αK)
π
։ (L, αL) is a universal α-central extension, then (K,αK) is a
perfect Hom-Leibniz algebra and every central extension of (K,αK) splits.
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e) If (K,αK) is a perfect Hom-Leibniz algebra and every central extension of
(K,αK) splits, then any central extension (K,αK)
π
։ (L, αL) is a universal
central extension.
f) A Hom-Leibniz algebra (L, αL) admits a universal central extension if and
only if (L, αL) is perfect. Furthermore, the kernel of the universal central
extension is canonically isomorphic to the second homology HLα2 (L).
g) An α-perfect Hom-Leibniz algebra admits a universal α-central extension.
h) If (K,αK)
π
։ (L, αL) is a universal α-central extension, then HL
α
1 (K) =
HLα2 (K) = 0.
i) If HLα1 (K) = HL
α
2 (K) = 0, then any central extension (K,αK)
π
։ (L, αL)
is a universal central extension.
Given a Hom-Leibniz algebra (L, αL) we have the epimorphism of Hom-
Leibniz algebras
ψL : (L ∗ L, αL∗L)։ ([L, L], αL|), ψL(l ∗ l
′) = [l, l′],
(cf. Remark 3.11 b)) which is a central extension of ([L, L], αL|) because of the
equalities (3.3). Moreover, we have
Theorem 4.4. If (L, αL) is a perfect Hom-Leibniz algebra, then the central ex-
tension (L ∗ L, αL∗L)
ψL
։ (L, αL) is the universal central extension of (L, αL).
Proof. Let (C, αC)
φ
։ (L, αL) be a central extension of (L, αL). Since Ker (φ) ⊆
Z (C), we get a well-defined homomorphism of Hom-Leibniz algebras f : (L ∗ L,
αL∗L) → (C, αC) given on generators by f(l ∗ l
′) = [cl, cl′], where cl and cl′ are
any elements in φ−1(l) and φ−1(l′), respectively. Obviously φ ◦ f = ψL and
f ◦ αL∗L = αC ◦ f , having in mind that αC(cl) ∈ φ
−1(αL(l)) for all l ∈ L. Since
L is perfect, then by equalities (3.3), so is L ∗ L. Hence the homomorphism f is
unique by Theorem 4.3 b).
Remark 4.5. If the Hom-Leibniz algebra (L, αL) is perfect, by Theorem 4.3 e)
we have HLα2 (L) ≈ Ker(L ∗ L
ψL
→ L).
Theorem 4.6. Let (M,αM) be a two-sided Hom-ideal of a perfect Hom-Leibniz
algebra (L, αL). Then there is an exact sequence of vector spaces
Ker(L ∗M
ψ2
−→ L)→ HLα2 (L)→ HL
α
2 (L/M)→M/[L,M ]→ 0.
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Proof. By Proposition 3.9 there is a commutative diagram of Hom-Leibniz alge-
bras with exact rows
(
(M ∗ L)⋊ (L ∗M), α⋊
) σ //
ψ

(L ∗ L, αL∗L)
τ //
ψL

(L/M ∗ L/M,αL/M∗L/M ) //
ψL/M

0
0 // (M,αM ) // (L, αL)
pi // (L/M,αL/M ) // 0
where
ψ((m1 ∗ l1), (l2 ∗m2)) = [m1, l1] + [αL(l2), αM(m2)],
ψ((l1 ∗m1), (l2 ∗m2)) = [l1, m1] + [αL(l2), αM(m2)],
ψ((m1 ∗ l1), (m2 ∗ l2)) = [m1, l1] + [αM(m2), αL(l2)],
ψ((l1 ∗m1), (m2 ∗ l2)) = [l1, m1] + [αM(m2), αL(l2)],
and
ψL(l1 ∗ l2) = [l1, l2],
ψL/M (l1 ∗ l2) = [l1, l2],
for all m1, m2 ∈ M , l1, l2 ∈ L. Then, forgetting the Hom-Leibniz algebra struc-
tures, by using the Snake Lemma for the same diagram of vector spaces, the
assertion follows from Remark 4.5 and the fact that there is a surjective map
Ker(ψ)→ Ker(ψ2).
Now suppose (L, αL) is a perfect Hom-Lie algebra. By [4, Theorem 3.4 and
Remark 3.5] we know that its universal central extension in the category Hom-Lie
is
(L ⋆ L, αL⋆L)
uL
։ (L, αL), (4.1)
and Ker(uL) ≈ H
α
2 (L), where ⋆ denotes the non-abelian Hom-Lie tensor product
andHα2 (L) is the second homology with trivial coefficients of the Hom-Lie algebra
(L, αL). Furthermore, since any perfect Hom-Lie algebra is a perfect Hom-Leibniz
algebra as well, by Theorem 4.3 f), (L, αL) admits universal central extension in
the category HomLb, which is described via the non-abelian Hom-Leibniz tensor
product in Theorem 4.4 and Remark 4.5. Then, by the universal property of (L∗
L, αL∗L)
ψL
։ (L, αL) and considering (4.1) as a central extension of Hom-Leibniz
algebras, we get a homomorphism of Hom-Leibniz algebras ξ : (L∗L, αL∗L)→ (L⋆
L, αL⋆L), ξ(l ∗ l
′) = l ⋆ l′, such that ψL = uL ◦ ξ. Note that ξ is the epimorphism
described in Remark 3.6 c). Now the proof of the following proposition is obvious.
Proposition 4.7. Let (L, αL) be a perfect Hom-Lie algebra, then the non-abelian
Hom-Lie and Hom-Leibniz tensor squares are isomorphic, (L ⋆ L, αL⋆L) ≈ (L ∗ L,
αL∗L), if and only if the second Hom-Lie and Hom-Leibniz homologies with trivial
coefficients are isomorphic, Hα2 (L) ≈ HL
α
2 (L).
Now we deal with the universal α-central extension of an α-perfect Hom-
Leibniz algebra. We need the following notion.
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Definition 4.8. [3] A Hom-Leibniz algebra (L, αL) is said to be α-perfect if
L = [αL(L), αL(L)]
Remark 4.9.
a) When αL = id the notions of perfect and α-perfect Hom-Leibniz algebras
are the same.
b) Any α-perfect Hom-Lie algebra is an α-perfect Hom-Leibniz algebra.
c) Any α-perfect Hom-Leibniz algebra is perfect. Nevertheless the converse is
not true in general. An example of this is given in [4, Remark 3.8 b)].
d) If (L, αL) is α-perfect, then L = αL(L), i.e. αL is surjective.
It is shown in [3, Theorem 5.5 (b)] that an α-perfect Hom-Leibniz algebra
admits a universal α-central extension. Now we give its description via the non-
abelian Hom-Leibniz tensor product.
Theorem 4.10. Let (L, αL) be an α-perfect Hom-Leibniz algebra. Then the
epimorphism ψ :
(
αL(L) ∗ αL(L), ααL(L)∗αL(L)
)
։ (L, αL), ψ (αL (l) ∗ αL (l
′)) =
[αL (l) , αL (l
′)], is its universal α-central extension.
Proof. Obviously ψ is a central extension. For every α-central extension (C, αC)
φ
։
(L, αL) there is a homomorphism f :
(
αL(L) ∗ αL(L), ααL(L)∗αL(L)
)
→ (C, αC)
given on generators by f (αL (l) ∗ αL (l
′)) = [αC (cl) , αC (cl′)], where cl and cl′
are any elements in φ−1(l) and φ−1(l′), respectively. f is well-defined since
αC (Ker (φ)) ⊆ Z (C). Obviously φ ◦ f = ψ and f ◦ ααL(L)∗αL(L) = αC ◦ f ,
having in mind that αC(cl) ∈ φ
−1(αL(l)) and α
2
C(cl) ∈ φ
−1(α2L(l)) for all l ∈ L.
Since L is α-perfect, then by equality (3.3), so is αL(L) ∗ αL(L). Hence the
homomorphism f is unique by Theorem 4.3 c).
An alternative construction of the universal α-central extension (uceLbα (L), α)
of an α-perfect Hom-Leibniz algebra (L, αL) is given in [3, Theorem 5.5 (b)]. Let
us recall that uceLbα (L) is the quotient of αL(L)⊗ αL(L) by the vector subspace
spanned by all elements −[x1, x2]⊗αL(x3) + [x1, x3]⊗αL(x2) +αL(x1)⊗ [x2, x3],
where x1, x2, x3 ∈ L, the bracket of uce
Lb
α (L) is given on generators by
[αL(x1)⊗ αL(x2), αL(y1)⊗ αL(y2)] = [αL(x1), αL(x2)]⊗ [αL(y1), αL(y2)],
x1, x2, y1, y2 ∈ L, and α : uce
Lb
α (L)→ uce
Lb
α (L) is induced by αL.
Since the universal α-central extension of an α-perfect Hom-Leibniz algebra
(L, αL) is unique up to isomorphisms, then there is an isomorphism of Hom-
Leibniz algebras
(
α(L) ∗ α(L), αα(L)∗α(L)
)
≈ (uceLbα (L), α).
17
Now suppose that (L, αL) is an α-perfect Hom-Lie algebra. By [3, Theo-
rem 5.5 (a)] it admits a universal α-central extension in the category HomLie of
Hom-Lie algebras, which is described as the non-abelian Hom-Lie tensor prod-
uct
(
α(L) ⋆ α(L), αα(L)⋆α(L)
)
in [4, Theorem 3.11]. (L, αL) admits a universal
α-central extension in the category HomLb described in Theorem 4.10 via non-
abelian Hom-Leibniz tensor product. Then [3, Proposition 5.6] provides the fol-
lowing relationship between the non-abelian Hom-Lie and Hom-Leibniz tensor
products: (
α(L) ⋆ α(L), αα(L)⋆α(L)
)
≈
(
(α(L) ∗ α(L))
Lie
, αα(L)∗α(L)
)
.
Moreover,
(
α(L) ⋆ α(L), αα(L)⋆α(L)
)
is an α-perfect Hom-Lie algebra and its uni-
versal α-central extension in the category HomLb of Hom-Leibniz algebras is
isomorphic to
(
α(L) ∗ α(L), αα(L)∗α(L)
)
.
5 Application in Hochschild homology of Hom-
associative algebras
Definition 5.1. A (multiplicative) Hom-associative algebra (A, αA) is a vector
space A together with linear maps αA : A→ A and A⊗A→ A, a⊗ b 7→ ab, such
that
αA(a)(bc) = (ab)αA(c),
αA(ab) = αA(a)αA(b)
for all a, b, c ∈ A.
Any Hom-associative algebra (A, αA) can be viewed as a Hom-Leibniz (in
fact Hom-Lie) algebra with the bracket defined by [a, b] := ab− ba, a, b ∈ A (see
Example 5.2 in [19]).
Given a Hom-associative algebra (A, αA), we denote L
α(A) := (A⊗A)/Im(b3),
where b3 : A⊗A⊗A→ A⊗A, b3 (a⊗ b⊗ c) = ab⊗αA(c)−αA(a)⊗bc+ca⊗αA(b),
is the boundary map for the Hochschild complex of the Hom-associative algebra
(A, αA) constructed in [19]. Then we have the following short exact sequence of
vector spaces
0 −→ HHα1 (A)
i
−→ Lα(A)
φ
−→ [A,A] −→ 0 , (5.1)
where HHα1 (A) denotes the first Hochschild homology of (A, αA) [19], [A,A] is
the subspace of A spanned by the elements ab − ba and φ(a ⊠ b) = ab − ba,
a, b ∈ A. Here a⊠ b stands for the equivalence class of a⊗ b.
Suppose αA : L
α(A)→ Lα(A) is the linear map induced by αA, i.e. αA(a⊠ b) =
αA(a)⊠ αA(b). Then there is a Hom-Leibniz algebra structure on (L
α(A), αA)
given by the bracket
[a⊠ b, a′ ⊠ b′] := (ab− ba)⊠ (a′b′ − b′a′) = [a, b]⊠ [a′, b′],
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for all a, b, a′, b′ ∈ A. Indeed, it is immediate that
[a, b]⊠ αA(c)− αA(a)⊠ [b, c] + [c, a]⊠ αA(b) = 0, (5.2)
then the Hom-Leibniz identity (2.1) easily follows.
Remark 5.2. (Lα(A), αA) is the quotient of the non-abelian Hom-Leibniz tensor
product (A ∗ A, αA∗A) by the two-sided Hom-ideal generated by the elements of
the form ab ∗ αA(c)− αA(a) ∗ bc + ca ∗ αA(b), for all a, b, c ∈ A.
Definition 5.3. [4] We say that a Hom-associative algebra (A, αA) satisfies the
α-identity condition if
[A, Im(αA − idA)] = 0 , (5.3)
where [A, Im(αA− idA)] = 0 is the subspace of A spanned by all elements ab− ba,
with a ∈ A and b ∈ Im(αA − idA).
Examples of Hom-associative algebras satisfying the α-identity condition can
be found in [4].
Proposition 5.4. Let (A, αA) be a Hom-associative algebra.
a) There is a Hom-Leibniz action of (A, αA) on (L
α(A), αA) given, for all
a′ ∈ A, a⊠ b ∈ Lα(A), by
a′ (a⊠ b) = [a′, a]⊠ αA (b)− [a
′, b]⊠ αA (a) ,
(a⊠ b)a
′
= [a, a′]⊠ αA (b) + αA (a)⊠ [b, a
′] ,
and a Hom-Leibniz action of (Lα(A), αA) on (A, αA) given by
(a⊠b)a′ = [[a, b] , a′] ,
a′(a⊠b) = [a′, [a, b]] .
Moreover, these actions are compatible if (A, αA) satisfies the α-identity
condition (5.3).
b) There is a short exact sequence of Hom-Leibniz algebras
0→ (HHα1 (A), αA|)
i
→ (Lα(A), αA)
φ
→ ([A,A], αA|)→ 0
where (HHα1 (A), αA|) is considered as an abelian Hom-Leibniz algebra, αA|
(resp. αA|) is the restriction of αA (resp. αA) and φ(a⊠b) = [a, b] = ab−ba.
c) The induced Hom-Leibniz action of (A, αA) on (HH
α
1 (A), αA|) is trivial.
Moreover, i always preserves the actions and, if (A, αA) satisfies the α-
identity condition (5.3), then φ also preserves the actions.
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Proof. a) By using formula (5.2) and Remark 5.2, one can readily check that the
actions are well-defined Hom-Leibniz actions. It is also easy to see that these
actions are compatible under condition (5.3). For example, we have
(a
′
(a⊠b))a′′ = [a
′,a]⊠αA(b)a′′ − [a
′,b]⊠αA(a)a′′ =
[
[[a′, a], αA(b)]− [[a
′, b], αA((a))], a
′′
]
(2.1)
=
[
[αA(a
′), [a, b]], a′′
] (5.3)
=
[
[a′, [a, b]], a′′
]
= [a′ a⊠b, a′′].
b) It is an immediate consequence of (5.1) and the definitions above.
c) Since a
′
(a⊠ b) = αA(a
′)⊠ [a, b] = 0 when a⊠ b ∈ Ker(φ), we deduce that
the action of (A, αA) on (HH
α
1 (A), αA|) is trivial and, by this reason, i preserves
the actions of (A, αA). Now, if (A, αA) satisfies the α-identity condition (5.3),
then we have
φ
(
a′(a⊠ b)
)
=
[
αA(a
′), [a, b]
] (5.3)
=
[
a′, [a, b]
]
= a
′
φ(a⊠ b),
φ
(
(a⊠ b)a
′)
=
[
[a, b], αA(a
′)
] (5.3)
=
[
[a, b], a′
]
= φ(a⊠ b)a
′
,
for all a′, a, b ∈ A, implying that φ also preserves the actions.
Remark 5.5. The statements in Proposition 5.4 when αA = idA recover the
corresponding results established in [9, Section 7] for Leibniz algebras.
In the following definition we introduce the Hom-version of the first Milnor-
type Hochschield homology of associative algebras (see e.g. [9]).
Definition 5.6. Let (A, αA) be a Hom-associative algebra. The first Milnor-type
Hochschield homology HHM1 (A, αA) is the quotient of the vector space A⊗A by
the relations
ab⊗ αA(c)− αA(a)⊗ bc + ca⊗ αA(b) = 0,
αA(a)⊗ bc− αA(a)⊗ cb = 0,
ab⊗ αA(c)− ba⊗ αA(c) = 0,
for any a, b, c ∈ A.
Theorem 5.7. Let (A, αA) be a Hom-associative (non-commutative) algebra sat-
isfying the α-identity condition (5.3). Then there is an exact sequence of vector
spaces
A ∗HHα1 (A)→ Ker(A ∗ L
α(A)→ Lα(A))→ Ker(A ∗ [A,A]→ [A,A])
→ HHα1 (A)→ HH
M
1 (A, αA)→ [A,A]/[A, [A,A]]→ 0.
20
Proof. By using Proposition 5.4 and Proposition 3.8 we have the commutative
diagram of Hom-Leibniz algebras (written without α endomorphisms)
A ∗HHα1 (A)
//
ψ2|

A ∗ Lα(A) //
ψ2

A ∗ [A,A] //
ψ3

0
0 // HHα1 (A)
// Lα(A)
φ
// [A,A] // 0,
where ψ homomorphisms are defined as in Proposition 3.10. ψ2(a ∗ (x ⊗ y)) =
a(x⊗y), ψ2((x⊗y)∗a) = (x⊗y)
a and ψ3(a∗[x, y]) = [αA(a), [x, y]], ψ2((x⊗y)∗a) =
[[x, y], αA(a)].
Thus Coker(ψ3) = [A,A]/[A, [A,A]], Coker(ψ2) = HH
M
1 (A, αA), Coker(ψ2|) =
HHα1 (A) and Ker(ψ2|) = A ∗ HH
α
1 (A). Then the assertion is a consequence of
the Snake Lemma.
Remark 5.8.
a) Let (A, αA) be a Hom-associative (non-commutative) algebra satisfying the
α-identity condition (5.3). If in addition αA is an epimorphism, then the
term A ∗HHα1 (A) in the exact sequence of Theorem 5.7 can be replaced by(
A/[A,A]⊗HHα1 (A)
)
⊕
(
HHα1 (A)⊗A/[A,A]
)
since they are isomorphic by
Proposition 3.7. In Particular, if αA = idA, the exact sequence in Theorem
5.7 coincides with that of [9, Theorem 7.4].
b) From the exact sequence in Theorem 5.7 and Theorem 4.4 immediately fol-
lows that the vector spaces HHα1 (A) and HH
M
1 (A, αA) are isomorphic when
the Hom-associative algebra (A, αA) is perfect as Hom-Leibniz algebra and
HLα2 (A) = 0.
c) HHα1 (A) and HH
M
1 (A, αA) are also isomorphic for any commutative Hom-
associative algebra (A, αA).
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